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1. Introduction
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Clouds are not spheres, mountains are not cones, coastlines are not circles, and bark is not smooth, nor does lightning travel in a straight line (Benoit Mandelbrot)

An intuitive understanding of the spatial implications of fractals is described by Benoit Mandelbrot as analogous to a ball of thread, “To an observer placed far away, (a ball of thread) appears as a zero dimensional figure: a point.  As seen from a distance of 10 cm resolution, the ball of thread is a three dimensional figure.  At 10 mm, it is a mess of one-dimensional threads” (Mandelbrot 1983).  Please open and run the  NetLogo model labelled simple-ball-of-thread.nlogo for a demonstration of this somewhat paradoxical description of the ‘spatial implications of fractals’.
Exploring complexity and Complex adaptive systems (CAS) often involves feedback dynamics. Feedback is a self-referential property of CAS where the state of a system informs itself in some way. Fractals are basic examples of feedback. A fractal is a shape that re-occurs at ever decreasing or increasing scales, so that as we zoom in or out the same shape re-emerges over and over again. The images produced by turning a kaleidoscope demonstrate this idea of feedback. The image in a kaleidoscope is reflected over and over again — a feedback loop — but also forms a larger image which is a version of itself at a different scale. Like feedback, scale is an essential feature of fractals. Fractals in nature, geometry, and art occur often at different scales over many orders of magnitude, as depicted in the drawing ‘Butterflies’ by M.C. Escher. Curiously, fractals are in a sense scale-free. Repetition, or self-similarity occurs again and again as a fractal approaches infinity. The scale-invariant nature of fractals will be explored in the sections that follow.
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2. L-Systems Fractals (2-D and 3-D)

Quick Overview

Simple-L-system fractals is a model that illustrates how L-systems work. In this model a series of procedures are used to encode a string which is then run iteratively at different scales. Properties of fractals such as self-similarity and infinite length are evident in sample models and student models. Custom fractals can be made directly from the interface without the need to input code.

Learning Targets

1.  To familiarize a High School, Undergraduate, layperson or graduate student with  fractals and constructing fractals.

2.  To apply L-systems to define fractal geometry in mathematics, design and nature. Concepts such as feedback, scale  and self-similarity are presented with emphasis on hands-on exploration.

Background

L-systems
 are a basic grammatical language consisting of a semantics and syntax. Semantically, alphabetical symbols refer to certain procedures and syntactically, sentences are formed consisting of strings of symbols. Sentences then refer to ‘meta-procedures’ which operate on the entire string, such as a re-scaling. L-systems were developed by Aristid Lindenmayer to describe plant taxonomies and can also be used to describe any general fractal.

L-systems and fractal explorations began to develop alongside computer technology in the 70’s and 80’s. As computational power increased, many intriguing phenomena in nature and mathematics were made available for exploration through advances in computer technology. Lindenmayer, Mandelbrot and others opened the door to a vast realm of forms that — in some cases — had literally never been seen before
.

Fractals and their spatial dimension are perplexing to say the least. A fast and loose definition of a fractal is — repeating pattern or detail at infinite scales
. This definition covers four essential attributes of fractals.

1. Fractals are recursive.

2. Fractals are infinite (fractals found in nature are not infinite but behave in similar ways).

3. Fractals are self-similar (self-affine).

4. Fractals are scale invariant.

Fractals are fragmented or fractured structures that have the same level of complexity no matter how far you zoom in on them. Benoit Mandelbrot famously used fractals to measure the coast of Britain and determined that it is essentially infinite (See box-counting-dimension-applied.nlogo). The reason for this is that as you examine the jaggedy coastline at smaller and smaller increments, say with a microscope, the coastline continues to fragment and looks much the same as it did before — meaning the actual length keeps increasing forever depending on how closely you look at it.

Fractals create a self-similar shape or ‘motif’ at many different scales. Zooming in or or out reveals a consistent pattern that re-emerges over and over again. Fractal shapes are self-similar or self-affine
 in a number of ways. Drawing from Steven Wolfram’s four classes of elementary cellular automata, we might imagine four general classes of self-similarity as:

I. Non-fractal Self-similarity. Shapes that are self-similar but not fractal. Ex: power-law distribution, simple geometry: point, line plane etc.

II. Identical. Exact replication of a shape at different scales.  Ex: Koch Curve, Cantor set, etc.

III. Chaos. Self-similar distributions at multiple scales with no obvious pattern.  Ex: wild fractal (Peitgen et. al. 1992) , brownian motion.

IV. Complex Fractals. Repeating motif with general but not exact replication at infinite scales. Ex: Julia set, Mandelbrot set. 

In the case of fractals in the complex plane, such as the Julia set or Mandelbrot set, a motif repeats generally but not exactly at different scales. A pattern emerges but is never quite the same. Fractals in this class may be thought of as having self similar procedures or algorithms that repeat exactly at different scales. For instance, a formal language could be devised which abstracts the common structure underlying a shape’s infinite variety. Therefore, a complex fractal is a never exactly repeating structure at various scales with a common, scale invariant algorithm. Many fractals in nature, although not strictly infinite like a mathematic abstraction is, behave like complex fractals. L-systems are the scale invariant algorithm that underlies the fractal form. This relationship is akin to the genotype/phenotype aspects of life.

Lindenmayer developed an extensive formalization of plant taxonomies (phyllotaxis) and defined their fractal structure with L-systems. L-systems can likewise be used to define other classic fractals, such as the Koch curve, Cantor set, Seirpinki triangle, dragon curve, etc. The next section shows you how to design a fractal with a simple L-system.

Netlogo Model Interface

L-System in 2-D
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Please open the NetLogo model labelled simple-L-system.nlogo. In the interface window, press setup under Procedures and then try running one of the sample models under Examples by pressing the button Koch-curve. The generator for the Koch curve should appear in the view field. Press the button again and the fractal should iterate with regard to the scale factor set in the slider directly to the left of the Example buttons labelled scale-factor. You can also adjust the initial length for the line segment (the amount the turtle moves forward)  with the slider: initial-length under Settings. Just remember to press Setup again after you make any adjustments. For the Koch curve, the scale-factor should be set to (.333). That means for every subsequent iteration the initial line segment will divide into three smaller segments of equal length. Note: for the Koch curve, because the initial fractal consists of four lines, for subsequent iterations each line will morph into a smaller version of the initial four line fractal — only at 1/3 the size of the original. The scale of the iteration with regard to the initial line segment is called the initiator and the fractal shape that corresponds with it is called the generator. These terms will be more relevant in section 2 on fractal dimension. 

To design a fractal, first press setup. A yellow turtle should appear in the middle of the view screen. Use the L-system symbols, modeled with buttons and sliders, to move the  turtle around. The turtle can be turned to the right (r) or left (l) by the angle amount set in the chooser angle and moved forward (f) by the amount specified with the slider initial-length. One more thing — a new turtle can be hatched with the hatch-turtle button (t) at any point in your process. This new turtle will be colored green. Green turtles will run the L-system you design at the scale-factor when you press iterate. The yellow turtle will disappear. Make sure to hatch new turtles as you design your fractal so that it will be able to reproduce itself. Try to make a fractal now —

Notice in the interface the L-system string is printed as you choose procedures. This string represents the scale-invariant algorithm which defines your fractal and stays the same as subsequent iterations create a more complex pattern. An interesting feature of fractals is that, theoretically at least, iterations can continue indefinitely.

An interesting fractal shape that demonstrates this attribute convincingly is the dragon curve. The L-system for a the dragon curve specified here is:

t f r 90 f r 180

Try building this fractal and running it.  Below are a few iterations of the Dragon Curve.  
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The dragon curve is an infinitely recursive fractal whose lines never cross themselves. It is also interesting in that it can tile with itself in a variety of ways to completely cover a plane. The fractal dimension of a dragon curve is 2.

L-System in 3-D

Please open the NetLogo model labelled simple-L-System.nlogo3d. This model is basically the same as the 2-D version simple-L-System.nlogo described above, only with the  z-axis added. The initial yellow turtle can move along the z-axis with the tilt-up and/or tilt-down buttons with respect to the chosen angle or specified custom angle. To choose a custom angle, scroll down the angle chooser and select custom-angle. Another way to move along the z-axis is by using the roll buttons. These are labelled roll-left and roll-right. These procedures ‘roll’ the turtle from one side to the other the specified angle. Roll can be used to design a generator in 2-D that becomes three dimensional only after iterating. Classic fractal shapes can be investigated in 3-D using this feature.

Try choosing the example model labelled hyper-Levy-curve. Press the button a few times and watch the fractal grow. Try orbiting around and looking at the fractal from multiple perspectives. If you hold the shift key down you can zoom in and out with your mouse or touchpad and if you hold alt + shift you can pan around the view field. Do you notice anything interesting? The image below shows how the hyper-Levy-dragon is constructed. A third leg is added to the two 90 degree line segments used to make the Levy-dragon. Fig. 1.7 shows that after a few iterations and from a particular perspective, the 3-D version approximates the shape of the 2-D version. Try comparing Fig. 2.8 with Fig 2.2.
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Advanced Topics

See next section, Fractal Dimension and Box-Counting Dimension.

Exercises

1. a. Design a fractal. It is a good idea to first think about a fractal shape, sketch it out on paper and then build the model. Using the procedure buttons on the Netlogo interface: r, l, u, d, etc. construct a shape, choose a scale for new iterations and see what you get. (You may want to look at the examples provided on the interface if you need some inspiration).

b. Using the 3-D model, try extruding your fractal into the third dimension. You can do this with the up or down buttons and angle setting or you can use the roll procedures.

2. Find a fractal in nature, i.e. a twig, a crack in the sidewalk, a snail-shell, a sunflower — whatever — and try modeling it as an L-system. 

3. Think about the general idea of a fractal. A repeating pattern at ever increasing or decreasing scales. How might this concept be applied to other things? For instance, to something abstract that doesn’t have an obvious geometric expression.

4. Related to the above question, how could fractal-like logic be applied to computer programing? Look at the code for L-System Fractals in NetLogo. Do you think the way the procedures: L, R, etc. produce versions of themselves and add them to a string is fractal-like? If yes, how so? Try adding a new procedure to the code.

5. Fractals produced on a computer are typically designed as algorithms. In nature, fractals occur in living and non-living things, suggesting that they are self-organizing phenomenon and as such, are not pre-programmed algorithms or genetic code alone.

a. Is inorganic self-organization different from the notion of an L-system? How?

b. Is there a way to implement this idea on a computer? Try to design a program that produces a fractal without specifically defining what the fractal shape will be.

hint: What correlates to thermodynamic constraints are first-principles or axioms in a computer, i.e. machine language, programming language, pixel size, RAM, processor speed etc.?

Just for fun

How might you describe the study of fractals in a phrase?

i.e. Science of infinity? Invisible form of flowers?

What fractal axioms can you observe readily in nature? i.e fractal structures in nature typically branch between 3 to 10 times (Zwick).

3. Fractal Dimension and Fractal Box-Counting Dimension

Quick Overview

Fractal and fractal box-counting dimension (intermediate-bcd.nlogo) is a model that illustrates how the dimensionality of various fractal shapes can be understood and measured. Fractal dimension is a general tool for understanding and measuring complex forms.  This model investigates the fractal dimension and fractal box-counting dimension for a variety of fractals and custom L-system fractals.

Learning Targets

1.  To familiarize an undergraduate with: fractal dimension, Hausdorff dimension and Box-Counting Dimension.

2. Complexity is explored through fractals and fractal dimensioning. Fractal dimension is presented as a means for measuring complexity quantitatively. 
Background

Artificial and natural systems are often complex ones.  Adjectives such as — rough, irregular and fragmented apply, as well as — dynamic, adaptive and non-linear.  Such systems are difficult if not impossible to analyze formally. One method for understanding and measuring these types of complex systems is by fractal dimension. Melanie Mitchell, in her book ‘Complexity, a Guided Tour’ explains one metric for complexity in terms of fractal dimension, “One description I like a lot is the rather poetic notion that fractal dimension ‘ quantifies the cascade of detail’ in an object. That is, it quantifies how much detail you see at all scales as you dive deeper and deeper into the infinite cascade of self-similarity” (Mitchell 2009).

Benoit Mandelbrot coined the term ‘fractal’ in the 70’s and was instrumental in synthesizing literally centuries of exploration by such mathematic and scientific luminaries as DaVinci, Newton, Liebnitz, Sierpinski, Cantor, Dedekind, Julia, and Hausdorff, to name a few.  Fractals are based on sets that are everywhere continuous and nowhere differentiable. Until the advent of modern computing much of this material had to be intuited by its discoverers as there was no way to visualize the infinite detail and variation contained in fractals.

Typical notions of topological and/or Euclidean space do not necessarily apply to fractal space.  A general notion of spatial dimension is simply how many basis elements are necessary to describe it, i.e. a line is one dimensional, a plane is two dimensional and a solid object is three dimensional.
  Fractals however have a fractional dimension, one that lies in between integers, such as 1/3 etc. (although fractal dimension may also be a whole integer).  A fractional or fractal dimension is more like a measure of density or a rate of growth towards infinity than a conventional description of space.  A curve for instance such as the Koch curve (fig._) has a fractal dimension of roughly 1.26. The Koch curve becomes infinitely long as the number of iterations approaches infinity and thus fills the plane, or at least part of it.  In an intuitive sense, the Koch curve lies in a nebulous zone somewhere between a line and a plane. 

Fractal Dimension

Fractal dimension is based on Hausdorff dimension developed by the German mathematician Felix Hausdorff. The diagram below (fig. 3.1) illustrates the relationship of Hausdorff dimension applied to general dimensional space.  A line segment or initiator with divisions r in one dimension, D = 1, has a partitioning of N where N = r.  In two dimensions the number of partitions increases to N 2 or 4, this second order operation is termed the generator.  Likewise in three dimensions, D = 3, the number of partitions increases to N 3 or 8.  This relationship is generalized to any geometric condition where N = r D.  

Create a geometric structure from an original object by repeatedly dividing the length of its sides by a number x. Then each level is made up of xdimension copies of the previous level (Mitchell 2009).
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If D is not an integer the resulting operation will  have a fractional or fractal dimension.  First, an initiator is segmented into a number of pieces related to the number of pieces in its generator.   Non-integer dimensions result when the  log of the generator is not evenly divisible by the log of the initiator — a fractional or fractal dimension is the result. The fractal dimension Df is the same as the Hausdorff dimension described above: equal to the ratio of the log of the number of elements (line segments) in the generator over the log of the number of elements in the initiator.

D = log n / log r.

To derive this equation, simply take the equation in figure 3.1, N = r D, take the log of both sides, (N) = D log (r). Solving for D yields the equation for fractal dimension, D = log (N) / log (r).
Here is an example of fractal dimension using the Koch curve shown below (fig. 2). The initial line segment is called the initiator and its corresponding shape at step 2 is called the generator.  In the case of the Koch curve, the initiator is partitioned into three and the generator is partitioned into 4. The fractal dimension for the Koch curve is:

D = log 4 / log 3 

This is equal to 1.26... Subsequent iterations run the original operation at 1/3 the size for each new line segment formed.  This process can be repeated indefinitely with the  fractal dimension always remaining 1.26... This number is the limit of the space filling properties of the fractal as its length approaches infinity. The Koch curve is composed of one dimensional line segments yet it is embedded in a two dimensional space — a plane.  As the line segments increase in number, they fill the plane more and more yet never become two dimensional, they always remain between one and two dimensions ever approaching a dimension of 1.26... A handy formal definition for a fractal is: a shape whose dimension is greater than its topological dimension and less than its embedded dimension
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Strictly speaking, a fractal is not always less than its embedded dimension, i.e. the Levy Dragon example in the model discussed in the previous section, simple-L-system-fractals.nlogo, has a fractal dimension of 2. Generally, the fractal dimension will be greater than its topological dimension.  Indeed, Mandelbrot’s formal definition of a fractal is a shape whose fractal dimension strictly exceeds its topological dimension (Mandelbrot 1983).

Box Counting Dimension

A useful way to visualize fractal dimension is helpful in understanding fractal box-counting dimension (BCD). In figure 3.1 above, instead of partitioning the initiator three times, r = 3, think of the initiator as one unit divided by three or 1/r. This is essentially what happens at the second iteration. The generator now consists of not 4 but 4 * 4 or N = 16. The fractal dimension is then:

D = log 16 / log 1/3                                

This gives the same dimension only negative, D = - 1.26... This is a special case for box counting dimension where N is a function of the scale of the iteration. Box counting dimension is basically a graphic technique for determining fractal dimension for shapes that do not have obvious geometrical constructs. 

BCD is the same fractional relationship between initiators and generators only using boxes (N) representing the number of elements necessary to cover a shape and their scale (r).  The essence of a fractal is that the generator is  infinitely recursive and scale invariant and therefore self-similar at different scales.  Using a variety of different sized boxes gives fractal dimensions at different scales.  Juxtaposing these measurements  reveals the correlation between the different scales and  fractal dimension of the overall form.  BCD can also be applied to natural fractal shapes that behave in similar ways as the mathematically geometric shapes described above,  such as forms that often occur in nature, i.e. tree limbs, river branching, vascular networks etc. (See Fig. 4.1 -4.8) Self organization in nature often follows fractal-like patterns that occur — for all intents and purposes— infinitely. (Mandelbrot 1983). BCD is a way of providing a quantifiable measure for these complex forms.  

BCD is determined by first overlaying a grid on an image and counting how many lattice sites or ‘boxes’ are necessary to completely cover the shape.  Additional grids at ever decreasing or increasing scales are overlaid recursively on the shape and the relationship of the log of number of boxes Nr and the log their scales, 1/r are recorded in a scatter plot. The scatter plot is a graph with log 1/r along the x-axis and log Nr along the y-axis.  From the scatter plot a best fit line or sum of least squares linear regression is drawn.  The slope of the best fit line is the fractal dimension of the shape and should match the Hausdorff dimension described above (Schroeder 2009). Fractal dimension is useful for determining the raggedness or fragmented quality or relative smoothness of a shape or boundary condition.

HOW IT WORKS. Boxes are implemented as turtles designed to detect and cover patches of defined colors.  The box-counting algorithm first exploits the local environment with a focused search and then explores the environment in an unfocused search looking for additional non-continuous patches that have not been covered (Mitchell 2009).
Netlogo Model Interface

Please open the model labelled intermediate-bcd.nlogo (Fig. 3.3 - 3.5). This model investigates the fractal dimension and fractal box-counting dimension of some common fractals and custom L-system fractals. The interface provides the basic procedures in three blocks: Fractal Examples, Box-Counting Controls and Plot Controls. Clear all and begin a new count by pressing setup in the upper left hand corner. Do not press setup again unless you want to begin a new count. Try pressing the koch-curve button 3 or 4 times. A Koch curve fractal should appear in the view. Notice at the first iteration the fractal dimension of 1.262 appears in the Command Center as well as in the fractal-dimension monitor. Under Plot Controls set automatic-box-count? to On and plot-box-count? to On. Next, under Box-Counting Controls, set the scaling-factor to 0.20 and the  increment  to 0.50. You are now ready to do a run. Begin a run by pressing box-counting-dimension-setup, this can be used at anytime to adjust a count without clearing the scatter plot. Now press box-counting-dimension-go  and you should see small red boxes covering the Koch curve. Individual runs are plotted as points in the scatter-plot. Automatic-box-count continues to increase the size of the boxes by increment after each run until it reaches the maximum box size. You probably don’t want to wait that long so just press box-counting-dimension-go again at any time to stop the runs and then press the linear-regression button under Plot Controls to find the ‘best-fit’ line in the Scatter-Plot. The slope of this line is the fractal dimension of your runs and appears in the monitor box-counting-dim —1.268 for the runs below. Try experimenting with different examples.

THINGS TO NOTICE. The box-counting dimension is more accurate (equivalent to the fractal dimension) if the initial fractal is iterated more. However, you have probably noticed the fractal taking longer and longer to generate at each successive iteration?  This is because the number of line segments is increasing exponentially.  The Koch curve, for instance, begins with 4 line segments but has over a million line segments after ten iterations.
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The main thing to be aware of with this model when designing fractal that is different from the previous model is the following: Fractals are made by turtles which leave a trail of patches in their wake. The green lines representing the fractals are patches. This is important because the boxes are programed to spread out on a grid and look for patches. If they find one they stay put and hatch some more boxes. It is also useful in the next section where PNG images are imported into NetLogo as patches.

HOW TO MAKE A CUSTOM FRACTAL. To make a fractal go to the code window and scroll down to: to design-your-own-fractal. Design a fractal here using the fractal commands: t for hatch turtle, r for turn right by degree amount, l to turn left by degree amount, walk to move forward by a length (len), s to skip forward by a length  and d to die. Length is set to 100 by default.

To set the amount subsequent iterations will scale, set divisions to the desired magnitude, i.e. 2 or 3 or whatever.

Here is the procedure to make the Koch curve:

to koch-curve

  ask patches [set pcolor black] ; clears screen

  ask turtles [

  set new? false ]

  t  walk l 60 t  walk r 120 t  walk l 60 t walk d 

  set divisions 3

  set len (len / divisions)

  fractal-dimension  

  tick

end

Advanced Topics

In general, the fractal dimension of a shape is between its topological dimension
 and its Euclidean dimension
, DT < D <= Rn. Mandelbrot describes this slightly more ambiguously in terms of a fractal set, ‘A fractal is... a set for which the Hausdorff-Beiscovitch dimension strictly exceeds the topological dimension (Mandelbrot 1983 pg. 15). Every set with a non-integer D is a fractal, including irrational numbers.  However, a fractal may have an integer D.  For example the trail of Brownian motion is a fractal because D = 2, while DT = 1. A more nuanced definition of a fractal dimension is: ‘A measure of a geometric object that can take on fractional values. At first used as a synonym to Hausdorff dimension, fractal dimension is currently used as a more general term for a measure of how fast length, area, or volume increases with decrease in scale’ (Peitgen, Jurgens, & Saupe, 1992). Notice that these notions of fractal dimension do not say anything about recursive self-similarity per se.
Exercises

1. If something has a fractal Dimension does that mean its a fractal? No.
2.  What do you think is the most interesting fractal dimension?
3.  What do you think is the difference between a fractal in a living thing, non-living/non-artificial thing and an artificial fractal, i.e. mathematic? A living thing is ‘fractal like‘ — not infinite but rule based (algorithmic). An inorganic non-artificial fractal is more random and potentially close to infinite, i.e. the universe. A mathematical fractal is conceptually infinite and algorithmic.  (although it is not infinite in terms of realizability).
4.  Describe the behavior of a fractal as its dimension approaches  2.  Becomes more complex.
5.  Can a fractal on a 2-D plane ever be more than 2 dimensions? No.
6. Is it possible to design a fractal with D = 2 in R2 space? Yes. In general dimensional  space, Re, D is not less than zero and at most e.
7. Design a fractal with 1 < D < 2.  Design a fractal with D = 2, i.e. the Levy Dragon (see simple-L-system-fractals.nlogo)
4. Box-Counting Dimension Applied (coastlines, GIS, biology etc.)
Quick Overview

Box-counting Dimension Applied (intermediate-bcd-applied.nlogo) is a model that illustrates how any 2-D image can be imported into NetLogo as a .png file and its fractal dimension measured. Images representing geographical information systems data (GIS) as well as biological, geometrical, photographic or literally any image are analyzed using fractal dimension and insights drawn regarding the multi-scale detail of such images as well as complex edge conditions, fragmentation etc. Fractal dimension is a tool for understanding and measuring complex forms.

Learning Targets

1.  To familiarize a graduate student with fractal dimension and fractal Box-Counting dimension applied to various disciplines such as topography, biology, planning, landscape ecology, artificial intelligence, artificial life, etc.

2.  To become proficient with complexity metrics for understanding, defining, and communicating high ordinality and dynamical  relationships using fractal dimension in a variety of complex systems settings.

Background

Fractal structures are commonly observed in nature and are evident in: biological circulatory distribution networks, i.e. fruit fly and human (Fig. 1,2), energy dissipation networks, i.e. lightning and rivers (Fig. 3,4,5,6) ; artificial networks, i.e. social networks and complex architectural typologies including urban dynamics; and strange attractors in mathematics, i.e. the logistics model
 (See Chapter __)(West et al., Mitchell). Fractals are also found in random phenomena such as diffusion limited aggregation
 (Fig. 7,8) and Brownian motion (Mandelbrot 1987). 

All these wide ranging structures incorporate fractals.  In a sense, fractals can be thought of as an emergent property of physical phenomena — arising through the self-organization of local events which collectively create larger patterns when seen from above. This section explores fractal geometry and fractal dimension in a variety of natural and artificial systems. Fractal dimension is once again used as a quantitative tool for analyzing complexity (Mitchell 2009).
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Netlogo Model Interface

Please open the model, intermediate-bcd-applied.nlogo. In the upper left hand corner of the interface, turn Coastline? On and the rest of the examples off. An image of the coast of Britain should appear in the view field (Fig. 4.6). Use color swatches under tools in the NetLogo menu bar and the color-scale slider in the interface to choose a color gradient. This is what will be measured. In the coastline example the color gradient is black or 0. Next, set the scaling factor to the desired level — say .3 for this example — press box-counting-dimension-setup and then box-counting-dimension-go.
[image: image21]
[image: image22]A box-counting run should begin (Fig. 4.7). Boxes at the chosen scale cover the chosen color and plot the log of the number of boxes, N, over the log of the scale, 1/r, in the scatter-plot in the upper right hand corner of the interface. If automatic-box-count? is On, multiple runs will automatically plot points until reaching the maximum box size specified in the code under setup. Increment sets amount box-size increases for each iteration. After a sufficient number of runs, press linear-regression in the bottom left hand corner of the interface to determine the box-counting-dimension of the image. It will appear in the monitor box-counting-dimension with the linear regression graphed in the scatter-plot (Fig. 4.8).
[image: image23]UPLOADING IMAGES. In NetLogo, files using imported images must be in the NetLogo folder. Be sure to store the model and any images you will be using in the NetLogo folder containing the correct version (version you are using) of NetLogo. 

Store the model intermediate-bcd-applied.nlogo in the following folder thread:
NetLogo 5.0 -> models -> code examples -> GIS -> intermediate-fractal-d-applied.nlogo Any images used in the model must be stored here as well and be in the .png file format. Here are the additional files that must be stored in the NetLogo folder for the model to be functional.

coast-of-gb.png

CPM.png

face B&W.png

To upload an image, first save it as a png at a managable size — about 600 X 600 and less than 1 MB. Images can be larger but will take more time to setup. Under Setup you will see if your-image. currently there is the CPM.png file here. Delete that and put your file here in brackets. Here is the correct code for the coastline? procedure.

if coastline?

[import-pcolors  "coast-of-gb.png"]
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[image: image14]Fig 4.92   To see this example and test the fractal dimension of Benoit Mandelbrot switch face? to On. 
Sample Exercises

1. Apply fractal dimension and/or fractal box-counting dimension to your field of study or particular area of research. How is this tool useful in quantifying and communicating complexity?

2. Program a Box-counting dimensioning tool in Netlogo that can measure fractal dimension in 3-D. Apply this tool to GIS data using the z-axis to represent elevation. See model intermediate-bcd-.in3d.nlogo3d.
3. Determine the patchiness of an urban forrest canopy using GIS data and the box-counting dimension tool. Is this a more compelling approach to discussing landscape ecology than using bounded areas to represent different features?
4.  Take some pictures of a variety of related objects, i.e. different types of trees, your friends faces etc. and determine their fractal dimension. Is this sufficient to distinguish among the pictures? Say you were dimensioning  oak trees for instance, could you identify another picture of an oak tree using fractal dimension? Does this hold for oak trees in general?  You may need to do multiple runs with different color gradients.
5. Conclusion 

Fractals can be considered an integral part of the exploration of complexity. Notions of Zeno’s paradox, limits, countability etc. play a significant role in fractal geometry, especially when complex dynamical systems such as the logistics map and fractals in the complex plane are considered. Feedback, iteration and scale are key concepts in the study of fractals and lead to a rich description of form that has been largely ignored until now. Computer technology has enabled scientists and mathematicians to study a wider range of phenomena in both mathematics and nature. One pauses to think of the additional insights fractals may offer in the future.  It is ironic then, that a precise definition of fractal and fractal dimension is still somewhat ambiguous and fitting to hear a final word from Mandelbrot on the subject, “...I use the term ‘fractal dimensionality’ generically, as equally applicable to numerous, but not all, specific definitions of anomalous dimensionality, and I try not to have to define ‘fractal’. Yesterday...I had made half hearted attempts to use fractal-dimensionality as synonym to Hausdorff-Besicovitch dimensionality, DH, and I had given the ‘tentative definition’ of a fractal set, as being a set for which Dh > DT. Today, I think both attempts were misled. Both had been carefully avoided in my earliest essay (in French). I regret having later been swayed by the notion that the short-term purpose of gaining acceptance for the study of fractals demanded such definitions, at least tentative ones. Furthermore, I have sometimes let my pen slip and describe DH > DT as the definition of a fractal instead of being precise and referring to a fractal set. The more casual wording did not allow for the introduction of fractal measures... All that brought no durable harm, but has tended to bring confusion to the physicist, and to be disregarded by the mathematicians. Anyhow, the definition’s short term purpose has by now been fully achieved; they may have been a useful crutch for a while, but have outlived their usefulness (Mandelbrot 1984). 
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FIG 4.5. Diffusion Limited Aggregation model in NelLogo (Wilenski).
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FIG. 3.2  Koch curve construction.
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FIG. 3.3  intermediate-bcd.nlogo interface.
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FIG 4.9. Fractal dimension of self-organizing epithelial mammary cells in breast tissues. (Chanson et. al).
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FIG 4.6. intermediate-bcd-applied.nlogo





�


FIG 4.8. intermediate-bcd-applied.nlogo
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FIG 4.3. � HYPERLINK "http://en.wikipedia.org/wiki/Waimakariri_River" ��Waimakariri River� flows across the � HYPERLINK "http://en.wikipedia.org/wiki/Canterbury_Plains" ��Canterbury Plains� of the � HYPERLINK "http://en.wikipedia.org/wiki/South_Island" ��South Island� of � HYPERLINK "http://en.wikipedia.org/wiki/New_Zealand" ��New Zealand� (Wikipedia).
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FIG. 2.3.  Construction of Dragon Curve. This model explores basic 2d fractals using L-systems.
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FIG 4.1. Tracheal system (the respiratory organ) of fruit fly Drosophila melanogaster (� HYPERLINK "http://www.xlab-goettingen.de/organogenese.html?&L=1" ��http://www.xlab-goettingen.de/organogenese.html?&L=1�).
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FIG 4.4. Diffusion Limited Aggregation.
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FIG. 2.6
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FIG. 2.7  simple-Levy-dragon generator
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FIG 4.7. intermediate-bcd-applied.nlogo
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FIG. 2.8  simple-Levy-dragon after a few iterations.
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FIG. 3.4  intermediate-bcd.nlogo interface.
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FIG. 2.2.  simple-L-System.nlogo This model explores basic 2d fractals using L-systems.
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FIG. 2.5





�


FIG. 3.1  Illustration of Hausdorff dimension which may take on fractional dimensions.





�


FIG. 1.1.  Lightning, displaying a fractal branching structure.
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FIG 4.92. Portion of Mandelbrot set. (Wikipedia).
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FIG. 1.2.  M.C. Escher ‘Butterflies’. Tessellation and symmetry are used recursively, demonstrating feedback over many scales — an essential property of fractals.
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FIG. 3.5  intermediate-bcd.nlogo interface.
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FIG 4.2. Human Circulatory System showing bifurcated structure.
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FIG. 2.4








� An L-system or Lindenmayer system is a parallel � HYPERLINK "http://en.wikipedia.org/wiki/Rewriting_system" ��rewriting system�, namely a variant of a � HYPERLINK "http://en.wikipedia.org/wiki/Formal_grammar" ��formal grammar�, most famously used to model the growth processes of � HYPERLINK "http://en.wikipedia.org/wiki/Plant_development" ��plant development�, but also able to model the morphology of a variety of organisms.[1] A L-system consists of an � HYPERLINK "http://en.wikipedia.org/wiki/Alphabet" ��alphabet� of symbols that can be used to make � HYPERLINK "http://en.wikipedia.org/wiki/String_(computer_science)" ��strings�, a collection of � HYPERLINK "http://en.wikipedia.org/wiki/Production_rule" ��production rules� which expand each symbol into some larger string of symbols, an initial "� HYPERLINK "http://en.wikipedia.org/wiki/Axiom" ��axiom�" string from which to begin construction, and a mechanism for translating the generated strings into geometric structures. L-systems can also be used to generate self-similar � HYPERLINK "http://en.wikipedia.org/wiki/Fractal" ��fractals� such as � HYPERLINK "http://en.wikipedia.org/wiki/Iterated_function_system" ��iterated function systems�. L-systems were introduced and developed in 1968 by the Hungarian theoretical � HYPERLINK "http://en.wikipedia.org/wiki/Biologist" ��biologist� and � HYPERLINK "http://en.wikipedia.org/wiki/Botanist" ��botanist� from the � HYPERLINK "http://en.wikipedia.org/wiki/Utrecht_University" ��University of Utrecht�, � HYPERLINK "http://en.wikipedia.org/wiki/Aristid_Lindenmayer" ��Aristid Lindenmayer� (1925–1989).


�  e.g.. Julia set, Mandelbrot set.


� Fractal. From Latin Fractus/frangere : to break, to create irregular fragments (Mandelbrot). Fine structure at every scale Rugged, self-similar structure. An irregular geometric object with an infinite nesting of structure at all scales. Recursive operations at ever decreasing or increasing scales such that the overall structure is scale invariant.  Scale invariant complexity.


� In � HYPERLINK "http://en.wikipedia.org/wiki/Mathematics" ��mathematics�, self-affinity refers to a � HYPERLINK "http://en.wikipedia.org/wiki/Fractal" ��fractal� whose pieces are scaled by different amounts in the x- and y-directions. We refer to these as being the 2-dimensional axes, like that of a grid. This means that in order to appreciate the � HYPERLINK "http://en.wikipedia.org/wiki/Self_similarity" ��self similarity� of these fractal objects, they have to be rescaled using an anisotropic transformation. 


� The dimension of � HYPERLINK "http://en.wikipedia.org/wiki/Euclidean_space" ��Euclidean n-space� En is n. When trying to generalize to other types of spaces, one is faced with the question “what makes En n-dimensional?" One answer is that to cover a fixed ball in En by small balls of radius ε, one needs on the order of ε-n such small balls. This observation leads to the definition of the � HYPERLINK "http://en.wikipedia.org/wiki/Minkowski_dimension" ��Minkowski dimension� and its more sophisticated variant, the � HYPERLINK "http://en.wikipedia.org/wiki/Hausdorff_dimension" ��Hausdorff dimension�. But there are also other answers to that question. For example, one may observe that the boundary of a ball in En looks locally like En -1 and this leads to the notion of the � HYPERLINK "http://en.wikipedia.org/wiki/Inductive_dimension" ��inductive dimension�. While these notions agree on En , they turn out to be different when one looks at more general spaces.


� 


� Topological Dimension - The covering dimension of a topological space X is defined to be the minimum value of n, such that every finite � HYPERLINK "http://en.wikipedia.org/wiki/Open_cover" ��open cover� � of X admits a finite open cover � of X which � HYPERLINK "http://en.wikipedia.org/wiki/Refinement_(topology)" ��refines� � in which no point is included in more than n+1 elements. If no such minimal n exists, the space is said to be of infinite covering dimension. (Wikipedia).


� Euclidean Dimension (space) - From the modern viewpoint, there is essentially only one Euclidean space of each dimension. In dimension one this is the � HYPERLINK "http://en.wikipedia.org/wiki/Real_line" ��real line�; in dimension two it is the � HYPERLINK "http://en.wikipedia.org/wiki/Cartesian_plane" ��Cartesian plane�; and in higher dimensions it is the real � HYPERLINK "http://en.wikipedia.org/wiki/Coordinate_space" ��coordinate space� with three or more � HYPERLINK "http://en.wikipedia.org/wiki/Real_number" ��real number� coordinates. (Wikipedia).


� Feigenbaum constants are two � HYPERLINK "http://en.wikipedia.org/wiki/Mathematical_constant" ��mathematical constants� which both express ratios in a � HYPERLINK "http://en.wikipedia.org/wiki/Bifurcation_diagram" ��bifurcation diagram� for a non-linear map.The first Feigenbaum constant s the limiting � HYPERLINK "http://en.wikipedia.org/wiki/Ratio" ��ratio� of each bifurcation interval to the next between every � HYPERLINK "http://en.wikipedia.org/wiki/Period-doubling_bifurcation" ��period doubling�, of a one-� HYPERLINK "http://en.wikipedia.org/wiki/Parameter" ��parameter� map


� where f(x) is a function parametrized by the � HYPERLINK "http://en.wikipedia.org/wiki/Bifurcation_theory" ��bifurcation parameter� a. It is given by the � HYPERLINK "http://en.wikipedia.org/wiki/Limit_of_a_sequence" ��limit�: [2]


�


where an are discrete values of a at the nth period doubling. The same number arises for the � HYPERLINK "http://en.wikipedia.org/wiki/Logistic_map" ��Logistic map�


�


� Diffusion-limited aggregation (DLA) is the process whereby particles undergoing a � HYPERLINK "http://en.wikipedia.org/wiki/Random_walk" ��random walk� due to � HYPERLINK "http://en.wikipedia.org/wiki/Brownian_motion" ��Brownian motion� cluster together to form aggregates of such particles. This theory, proposed by Witten and Sander in 1981,[1] is applicable to aggregation in any system where � HYPERLINK "http://en.wikipedia.org/wiki/Diffusion" ��diffusion� is the primary means of � HYPERLINK "http://en.wikipedia.org/wiki/Transport_phenomena" ��transport� in the system. DLA can be observed in many systems such as electrodeposition, � HYPERLINK "http://en.wikipedia.org/wiki/Hele-Shaw_flow" ��Hele-Shaw flow�, mineral deposits, and � HYPERLINK "http://en.wikipedia.org/wiki/Dielectric_breakdown" ��dielectric breakdown�. The clusters formed in DLA processes are referred to as � HYPERLINK "http://en.wikipedia.org/wiki/Brownian_tree" ��Brownian trees�. These clusters are an example of a � HYPERLINK "http://en.wikipedia.org/wiki/Fractal" ��fractal�. In 2-D these � HYPERLINK "http://en.wikipedia.org/wiki/Fractals" ��fractals� exhibit a dimension of approximately 1.71 for free particles that are unrestricted by a lattice, however computer simulation of DLA on a lattice will change the � HYPERLINK "http://en.wikipedia.org/wiki/Fractal_dimension" ��fractal dimension� slightly for a DLA in the same � HYPERLINK "http://en.wikipedia.org/wiki/Embedding_dimension" ��embedding dimension�.
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